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SIMULATIONOFLINEARIZEDDYNAMICSOFGAS—TURBINEENGINES

By J.R.KetchumandR. T.Craig

Throughtheuseof anelectronicanalogcomputerinthesimulation
of controlledaircraft-engineperformance,onemethodof enginesimu-
lationhasprovedtobe preferablefrommanyconsiderations.

Theequationsusedindevelopingthismethodof simulatingthe
dynamicsof gas-turbineenginessrederivedingeneral.formfromengine
functionalrelations.Thisgeneralsimulationmethodcanbeutilized
intheconsiderationof anyfirst-orderlinesrsystemandisdesigned
forusein conjunctionwithcontrolcomponentsforsmallperturbation
or stabilitystutiesofcontrolledsystemoperation.

. A simulationoftheresponseof a turbojetengineto a stepchange
inanindependentvariableismade,andcomparisonoftheexperimental
andsimulatedresultsindicatesthevalidityofthesimulationmethod,.

. presented.

Limitationsontheuseof altitudeandflight-speedgeneralization
factorsindeterminingthecoefficientsnecessaryforthesimulationof
enginedynamicsarediscussed.

INTRODUCTION

A considerableanmuntofpresent-daycontrol-systemdesignand
analysisis accomplishedthroughtheuseof simulationtechniques.
17ithsuchtechniques,partor allof a physicslsystemisreplacedby
itsmathematicalrepresentation,usuallyintheformof an analogcom-
puterfacility.Themathematicalrepresentationthenisusedin sub-
sequentexaminationsof controlledsystembehatior(reference1).

Thefirststepintheprocessof simulationisthedetermination
of equationsdescriptiveofthebehaviorofthesystemunderallcon-
ditionsofoperation.Thesecondsteprequiresthattheseequations
beputintoa formapplicabletothecomputeror simulationfacilities

-.— .— — -- —



2 NACATN 2826

avtilable.Althoughthedetailsof settingup a problemtillvarycon-
0

siderablybecauseofthewidevsrietyof suchmachines,thesamegeneral
equationsazeusedin allcases. :

An electronicanalogcomputerhasbeenusedforsometimeatthe
NACALewislaboratoryforsimulationof aircrsf%-engineperformanceand
studiesof controlledengineoperation.Duringthecourseofthese
activities,onemethodof simulationhasprovedtobe themostadvan-
tageousineconomyof computer
data,andaccuracyofresults.
andpresentthismethodandto
of gas-turbineengine.

BASICDYNAMICS

facilities,utilizationof experimental
Theobjectofthispaper
showitsapplicabilityto

OFGAS-TURBINEENG13TES

Forsomegivenequilibriumcondition,therewillbe
definitevaluesofenginerotationalspeed,temperatures,

isto develop
severaltypes

established
pressures,

andtorques.At an equilibriumcondition,thetorquepr&duced -
by theturbinewillbetotallyabsorbedby thecompressor.lY
theequilibriumisdisturbedby theinjectionofadditionalfuel,
theinstantaneoustorqueproducedby theturbinetillbe
greaterthanthatabsorbedbythecompressor,andtheenginewill
accelerateto a newequilibriumcondition.Formostpracticalcases,
therateof speedincreaseisproportionaltothedifferenceintur-
bineandcompressortorques.Thisconditionistypicaloffirst-order
systems.Consequently,exponentialequationsmaybe employedto des-
cribethedynamicoperation.

Fordescriptionofthedynamicoperation,a termisrequiredwhich
willdeterminethetimehistoryoftheengineresponses.Inviewof
theexponentialnatureoftheenginebehavior,theseresponsescanbe
describedbyspecifyinga timeconstant.Thistimeconstantis a
ratiobetweentheenergystorageandener~dissipativeelementsand
isthetimerequiredfor63percentof a changeto occur.It isa
transienttermandrequirestr-ient dataforitsevaluation.

Theextenttowhicha variationinfuelflowtillchange
an outputvariablesuchas enginerotationalspeedisthe
gain,orsensitivityoftheenginerotationalspeedto changesin
fuelflow.At anyoperatingpoint,thisgainisevaluatedastheslope
oftheenginespeed- fuel-flowcurveandisthepartialderivative
aNe
— evsluatedwithaXlindependentvariablesotherthanfuelflowheldaw
Constsmt, In a particularenginetherearegaintermsrelatingchanges
ofrotationalspeedto changesinfuelflow,exhaust-nozzlearea,and
propellerblade~lej therearealsogainswhichrelatechangesin

— .- . . ——.
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,,
pressures,temperatures,andtorques
flow,exhaust-nozzlearea,andblade

* ininletgeometry,guide-vaneangle,

3

tothesesamevariationsinfuel
angle.Gainsrelatedto changes
andotherindependentvariables

alsomaybe considered.Thenumberofthesetermswhichmustbe con-
sideredwilldependuponthetypeof engineandtheparticularanaly-
sisor studyundertaken.Thegaintermstilldeterminethequantita-
tivechsmgeina dependentoroutputvariableproducedby thevariation
of anindependentor inputvariable.Itwillgiveno ideaoftherate
atwhichthischangeoccurs.

Toobtainthetimerelationofthevariousparameters,certain
partial.derivatives,evaluatedwithallindependentvariablesheld
constant,mustbe obtained.Thesetermsgenersll.yrequiretheuseof
transientdatafortheirdetermination,andtheysrespecifically
referredto inlatersectionsof
thetimeconstsntcanbe treated
speedgeneralizationfactors.

Linearanalysiswasusedin
simulation.Althoughsomebroad
to allowuseof linearanalysis,

thisrepoti.fi thegainte= and
withstandardaltitudeandflight-

thedevelopmentofthismethodof
simplifyingassumptionsmustbemade
itispossibleto obtainreasonably

accurateresultswitha min%mm-ofmathematicalcomplications.Ithas
beendemonstratedbycomparisonof analyticresultswithexperimental

, .. performancethatlinearanalysisisadequatetopermitpredictionof
stabilityof enginesadcontrolssystemsandtopredicttheresponse
ofthesesystemsto smallperturbations(reference2). An exampleof
particularimportanceintheuseof linearanalysisisthestudyof
afterburnereffectsontheprimarycontrolledengine.

DEEIX3H!IONOFANALOGCOMPUTER

Themethodof simulationof gas-turbineenginesthatis discussed
inthisreportwasdevelopedforuseontheelectronicanalogcomputer
attheNACALewislaboratory.Thiscomputeriscomposedofoperational
amplifiersasindicatedinfigure1. Witha transferfunctiondefined
astheratiooftheLaplacetransformof‘theoutputvariabletothe
Laplacetransformoftheinputveriable,theapproximatetransferfunc-
tionsoftheoperationalamplifieris (reference3)

y(s) Z2(S)
—= -—
x(s) Zl(s}

(SymbolsaredefinedinappendixA.) By selectionof suitablepure
resistiveimpedances,amplifiersmaybe constructedwhichwillchange(!
algebraicsign,multiplyby constant-valuedcoefficients,add,andsub-
tract.Ifa capacitorC2 isutilizedforimpedanceZ2 anda

— ._— — —. .._.- — —- -———–—



4 NACATN 2826

resistiveelementRI forimpedance~, theamplifierunityieldsas
anoutputa timeintegrsloftheinputvariable.Theresultingunit
willhavea timeconstantequalto R1C2. A nuuiberof computational
elementshavebeenassembledto formthecompletecomputershownin
figure2.

Of specialinterestin connectionwiththisreportistheso-called
matrixunit,composedof sign-changing,coefficient,andsummationunits,
“whichyieldsthefollowingrelationbetweeninputandoutputvariables:

Y1 = a~q + alzxz+ q=jxs+ q4x4

Y2= ~IXI + a22x2+ a23x3+ a24x4

y3= a31xl+ a32x2+ a33x3+ a34x4

Y4 = a41xl+ a42x2+ a43x3+ a44x4

A tiagramaticrepresentationofthisunitis showninfigure3.

Timebehaviorofvariablesisdisplayedonoscilloscopesandcan
be recordedby photographictechniques.

DEKELOl?MENTOFSIMULATIONMETHOD

Turbine-propeXl.er-enginesimulation.- Developmentoftheequa-
tionsdescribingdynamicresponseof gas-turbineenginesisbasedupon
theassumptionthatthermodynamicandflowprocessesarequasi-static;
thatis,theseprocessescontinuouslypro~essfromonestateof equi-
libriumtoanotheron anequilibriumcurve(reference4). Thisassump-
tionpermitsthewritingoffunctionalrelationsbetweenthevsrious
inputandoutputvariables.

In analysisofturbine-prope~erengines,themostusefulrela-
tionssrethosebetweenenginerotationalspeed,turbine-outlettem-
perature,fuelflow,andpropellerbladeangle.Foranal@icpurposes,
theacceleratingtorqueis consideredalso. This torquei.sthe differ-
encebetweenthetorqueproducedby theengineandthatabsorbedby the
propeller.Theenginetorqueis a functionoffuelflowandengine
rotationalspeed:

(1)

Thepropellertorqueis a functionofpropellerbladeangleandpropel-
lerrotationalspeed:

,.

.,

(1

M
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Theunbalanced

betweenengine
ratio.

The
flowand

5

~ = f2(B,Np) (2)

torquereferredtothe

andpropellertorques,

engineshaftisthedifference

(% - >), were r isthegesx

turbine-outlettemperatureistakentobe a functionoffuel
enginerotational6peed:

T= f3(WjNe] (3)

In a similarmanner,anyotherengine-outputvariablemaybe
expressedasa functionoffuelflowandenginerotationalspeed.

Enginerotationalspeedisrelatedtotheunbalancedtorqueby the
expression

ANe=~I-t.J’AQdt (4)

where It isthesumofthepolarnmmentof inertiaoftheengineand
thepolarnnnentof inertiaofthepropellerreferredtotheengine.,

Functions(1)and(2)maybe expandedandlinearizedto give

IIa%A$+?%%AQP=T%e$.‘P

(5)

(6)

hQe
where— IhwNisthepartihderivativeof enginetorquewithrespect

e
to fuelflow,withenginespeedheldconstant.Othertermsaretobe
interpretedinsimilarmanner.

Theacceleratingtorqueisthen

—...—. .— —————. —— —.
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@Q=AQe- %

hQe

I

~ 1%=— _——
aw N r ap

e
,

Equation(3)Isexpandedandlinearizedto yield

Thevaluesofthetermsformingthecoefficientsmaybe found
fromtheslopesof steady-stateoperatingcurves,evaluatedatpar-
ticulsxvaluesoffuelflow,bladeangle,enginerotationalspeed,
altitude,andflightspeed.Theseequationstogetherwithequation
areintroducedintothecomputerusingthematrixunitdescribedin
a previoussection.Theinterconnectiondiagramis showninfig-

(7)

(8)

(4)

ure4(a). Thissimulationwillgiveanadequatedescriptionof dynamic
operationofturbine-propellerenginesoverconsiderablerangesof
operation(reference5).

Turbojet-enginesimulation.- Developmentof equationsdescribing
dynsmicoperationofturbojetenginesrequiresthebasicassumptionof
quasi-staticoperation,justasrequiredinthecaseofturbine-
propellerengines.

Theinputvariablesofturbojetenginesme fuelflowandexhaust-
nozzlesrea.Theotiptivsriablesgenerallyconsideredin controls
analysisareenginerotationalspeedandturbine-outlettemperature.
Anothervariableisnecessaryto accountforengineoperationatnon-
equilibriumconditions.Thevariableconsideredis accelerating
torque,whichisthedifferencebetweenthetorqueproducedby the
turbineandthatabsorbedby thecompressor.

Therelationsassumedbetweentheengine

Q= f3(W,A,Ne)

and

T = f4(W,A,Q)

-.

variablesare

(9]

(lo)

— — .—
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It

\

Understeady-stateconditions,unbalancedtorqueis zeroandengine
rotationalspeedis animplicitfunctionoffuelflowandexhaust-
nozzlearea.Thesefunctionsmaybe expandedandlinearizedabout
someequilibriumpointtoyield

(n)

hT=:lA,AW+~lw,#+~lw,:Q (12)

To evaluatethesecoefficientsinthisformwouldrequireplotsof
acceleratingtorqueasa functionoffuelflow,enginerotationalspeed
andtemperatureasfunctionsof acceleratingtorque,andtemperature
asa functionoffuelflow. Thereis,however,no directwayofmeas-
uringthistorquein a turbojetengine;consequently,to obtatithe
requiredplotwouldnecessitateeithera considerableaumuntof data
processingor impracticaltestprocedures.Itispossibleto circum-
ventthesedifficultiesby manipulatingthetorqueequation(11)in
thefollowingmanner:

But

hQ
I‘A,Ne aNe

J

aQ = I‘~A
a~ W,A

smd

.
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.

,,

(13)

Thismanipulationhasyieldedterms
fromtheslopesofthesteady-state
andarea.Theslopesme evsluated

Equation(13)ismultipliedby

tion(12)inthismsnner:

whosecoefficientsmaybe evaluated
plotsof speedagainstfuelflow
attheappropriateoperatingpoints.

bQ
bN
-1

andsubstitutedinequa-
e W,A

AT=g

But

Furthermore,in steadystate,Q = O,hence

II%AQ=%A
Y

and

Ibthofthesetermsareobtainablefromsteady-statedata.

Thus,theequationoftheresponseoftuxb~e-outlettemperature
is

.,

,.

.
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*

AT=gIIAw+gAA
A w

Thetorque-speedrelationsof a
expressedby-equa~ion(4).
aQ I-~~T,Ainthefollowing

turbojetenginealsomaybe

(14)

Thisequationismultipliedand~videdby

manner:

(1)
AQ

-M_
bNe W,A

The engine the constant isdefined“Ces -
+

andsubstituted

WIe W,A
intheprecedingequationtoyieldtheexpression

(15)

Theenginetimeconstant,aswella8 *
I

, is a typically
e W,A

transienttermandrequirestransienttestsforitsevshation.

Equations(13)to (15]willdeterminespeedandtemperature
responseto changesinfuelflow.Thesesretheequationsusedin
simulationofturbojetengines.An interconnectiondiagramshowing
a methodofusingcomputercomponentsforsolutionoftheseequations
isshowninfigure4(b). (Termsinsnycolumnoperateonthe)respective
inputtothatcolumn,sndoutputsaresumnedacrosstherows.

Simulationof additionalvariables.- Ifadditionalinputvaria-
blesaretobe considered,equations(9)and(10)mustbe extendedin
thismsnner:

—-—.-— .— ——._ —— . — .—
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Q= f5(W,A,Ne, . . .X)

T= f6(W,A,Q,. . .X)

where X denotesanyadditionalinputvariable,suchasvariableinlet
diffusergeometry,forexample.

Functionalrelationsof additionaloutputvariablescanbeformed
by thesamebasicreasoningasthatusedforthetemperaturerelations.
If anyadditionaloutputvariable(compressor-dischsrge
example)isdenotedas G,then

G = f2(W,A,Q,. . .@

which,uponsuitableexpansion,becomessimilarinform

pressure,for

to equation(14).

Themannerinwhichthebasicmethod
simulationof additionalenginevariables
tratedinfigure5 (reference6).

maybe extendedto include
ir-orderlyfashionisillus-

Themannerinwhichtheequationsareevolvedresultsinan array
.1

of equationswhereina nmdmumnumberoftermscanbe evsluatedfrom
steady-statedata.Allcoefficientsareslopesof steady-statecurves, .:
excepttheenginetimeconstant~ andthetermsintherightcolumn
(fig.5). Methodsof determiningtherequiredvsluesoftermswiththe
minimumamountoftestingarediscussedinreference7.

SAMPLESIMKATION

Themethodshownin figure4(b)wasusedto simulatetheresponse
ofturbine-outlettemperatureandenginerotationalspeedofa turbojet
engineto anapproximatestepchangeinfuelflow. Thesimulated
responsesareshowntnfigure6,andthecomparableexperimentalresponees
areshownh figure7. Inthisengine-dynamicssimulationitwasnecessary
to includedynamicsoffuelsystemandtestfacilities.Thefuelsys-
temwassimulatedbytwofirst-ordertimelagsandaninterposedclip-
pingnetworkwhoseresponseduplicatedthetimebehavioroffuelflow;
thespeedandtemperaturesensorsweresimulatedby first-ordertime
lags. Thealtitudetestfacilitiesweresuchthatduringtransient
operationengine-inletpressurevariationscouldnotbe eliminated,
andthusa variationinnominalflightspeedwasproduced.Compensa-
tionforthisextraneouseffectwasintroducedby evaluatinggainsand 1
timeconstantsdirectlyfromoscillogramsthatweretobe simulated.

Infigure8 thesimulatedandexperimentalresponsesarecompared.
J,

Thedegreeof ~orrelationindicatesthevalidityofthedescription
andsimulationoftheenginedynamicbehavior.

.- ——
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Allexperimentaldataobtainedto dateindicatethatturbojet
enginesremainfirstorderandlinearforsmallperturbationsovera
widerangeofflightconditions.Therefore,thedevelopedmethodof
simulationpermitstheexplorationof a wideregionof engineopera-
tion,providedonlythatthecoefficientsoftheequationscanbe
evaluated.If a completesetof equationcoefficientscanbe obtained
foranyoneflightcondition,thecoefficientsmaybe adjustedfor
useatotherflightconditionsthroughtheuseof standardgeneraliza-
tionfactors.Completegeneralizationof enginedynamicsshouldnot
be doneindiscriminately,however.Thefactthatsomeknowledgemust
firstbe obtainedofthealtitudeeffectsontheparticularengine
consideredis discussedinappendixB.

CONCLUDINGREMARKS

An electronicanalogcomputerhasbeenusedforsometimeatthe
NACALewislaboratoryinsimulationof controlledaircraft-engineper-
formance.Onemethodof enginesimulationhasemergedasthenmst
advantageousin economizingcomputerfacilities,requiringthemini-
mumamuntof experimentaldata,sndattainingthenmstaccurate
results. \

Theequationsusedindevelopingthismethodof simulatingthe
dynamicsof gas-turbineenginessrederivedingeneralformfromengine
functionalrelations.Thisgeneralsimulationmethodcanbe utilized
intheconsiderationof anyfirst-ordersystemthatcanbe linearized
overa portionof itsoperatingrange.Anynumberof dependentand
independentvariablescanbe includedintheanalysisandsimulation.

A simulationoftheresponseof a turbojetengineto anapproxi-
matestepchangeinfuelflowismade,andcomparisonofthesimulated
andexperimentalresultsindicatesthevalidityofthesimulation
method.Sincegas-turbineenginesgenerallyremainfirstorderand
linearforsmallperturbationsoverlsxgeoperationalregions,the
simulationmethodcanbe utilizedto exploreenginecharacteristics
overanyrangeofflightconditions.

Theuseof altitudeandflight-speedgeneralizationfactorsin
determiningtheequationcoefficientsnecesssryforthesimulationof
enginedynamicsisdiscussed,andattentionisdrawntothelimita-
tionsplacedonthisuseby thenatureof componentefficiencyvaria-
tionwithflightcondition.

LewisFlightFYopulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio

—. —— —.—— ——————-—
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ATF’ENDIXA

SYMBOLS

Thefollowingsynibolsareusedinthisreport:

exhaust-nozzlesrea

constant(coefficient)

capacitance

additionaloutptivsriable

polarmomentofinertia

amplifiergain

rotationalspeed

unbalanced(accelerating)torque

resistance

gesrratio,enginespeed/propellerspeed

complexLaplacianoperator

absoluteturbine-discharge

time

fuelflow

additionalinputvariable

arbitraryinputsignal

srbitraryoutputsignal

impedance

propellerbladeangle

temperature

deviationfrominitialoperatingpo:nt

conibustionefficiency

timeconstant

●

✌✌

0’

,/

—.
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Subscripts:

e engine

f final

i initial

P propeller

t total

13
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APPENDIXB

USEOFGENERALIZATIONFACTORSINEVALUATION

OFENGINEDY3WlMICCHARACTERISTICS

Thedevelopedmethodof simulationpermitstheexplorationof engine
operationovera widerangeofflightconditions,providedonlythatthe
coefficientsoftheequationscanbe evaluated.

Standardgeneralizationfactorshavefoundwidespreaduseinthe
handlingof enginesteady-stateoperationalcharacteristics,sincethey
allowpredictionof engineperformanceinregionsnotcoveredbytest.
A similarusecanbe madeofthegeneralizationfactorsinthehandling
of dynamiccharacteristics.Inthediscussionof generalizationfactors
itisnotedthatalthoughmanyperformancemapswillgeneralize,those
tiectlyinvolvingcomponentefficiencieswhichvarygreatlywithflight
conditionwilJ_notdo so. Fuel-flowrelationsareofthetypehaving
theselsrgevariations,andfuelisofprimaryinterestwithrespectto
enginecontrols.Thegeneralizationof enginedynamicterms,however,
isnotaslimitedasisthegeneralizationof staticcharacteristics.
In somecasesithasbeenillustratedthateventhoughtheabsoluteval.-

*

uesofthefuel-flowrelationswouldnot”generalize,theslopesoftherela-
tions(thedynamiccharacteristics)woulddo so. Suchactionindioatesthat ,
eventhoughthevaluesorlevelsofefficienciesvariedasflightconditions
werechanged,theformofthevariationofefficiencieswithrotational
speedremainedconstant.

Somelimitationsmustbeplacedonthisuseof generalizationfac-
tors,however.Fortheenginewiththedynamiccharacteristicsshown
infigure7,itwasfoundthatthegaintermssuchas ~N/aWwouldnot
generalize.Figure9 illustratesthatthegeneralizedgaintermsvsried
asthealtitudeofoperationchanged.Thisvariationindicatesthatnot
onlyefficiencylevelsbutalsotheeffectofrotationalspeedon com-
ponentefficiencieschangedwithaltitude.

Thevariationof couibustionefficiencywithflightcondition,engine
speed,endexhaust-nozzleareawasdetermined;andcompensationforthis
variationwasaddedtothedatapreviouslypresentedinfigure9. Fig-
ure10 showsthatthegaintermsof speed- fuelflownowwill
generalize.Othergeneralizedgainterms (aT/aW,forexample)show
similarimprovementwhencompensationforcombustionefficiencyvaria-
tionsis introduced.

Fortheparticularengineunderconsiderationit appearedthat
efficiencychsngesinothercomponentssuchasthecompressorandtur-
binedidnothavea noticeableeffectontheenginegainterms.The
uncompensatedgainscouldnotbe consideredto generalize,butcompensa-
tionforcombustionefficiencyvariationsalonewassufficientto obtain
accurateresultsindeterminingthenecesssrygaintermsof a turbojet
engineataltitude.

—.
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Itthereforemaybe concludedthatcompletegeneralizationof engine
dynamicsshouldnotbe doneindiscriminately.Someknowledgemustfirst
be obtainedofthealtitudeeffectsontheparticularengineconsidered.
If efficienciesvaryconsistentlywithaltitudeasdidthoseconsidered
inreference4, completegeneralizationofdynamictermsmaybe used.
Forotherenginessufficientaltitudetestdatamustfirstbe obtained
andthevaiationsof efficienciesincorporatedintothedynamicterms.“
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